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1. Introduction

l. Let D be a large positive integer, (D,lc): t, and' p(D, k) the

least prime in the progression {Dn * /c} . LrNlvrr has proved. that there

exists an absolute constant "t such that

p(D,Ic) <DL .

The best estimate for L to be found in literature is the result L < 777

of CnmN Jrrc-Rux [1]. In this paper, we are going to prove that

(r) L <550.

rn the proof, the methods and. results of [2] and [5] come into application.

It, may be noted that our proof is somewhat simpler t'han that in [4], pp'
364-370.

2. Lemmas

2. The first lemma is a combination of theorem I and lemmas 3a and'

3b of [2].

Lemma l. Let I{(t') stand for the total number of zeros of all, L-functions

(mod D) i,n the square

(2') ,-f"gA {o(L,lt-tol< ZloeD

wi,th toK.Du,0.05 < )" llogD. ?hen

(3) N(),) < e22a 
i.

The next, lemma is contained in theorem 2 of l2).

Lemma 2. Let us suppose that there eni,sts an »»excepti,onalD ?aro Q1 :
I - ö, of a functi,on L(s, yr) wi,th a real character 7r (mod D). If i,n the

rectangle

(4) ,- #{o{ r,ltl<D'
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Note. Actually, in [2], the conditions correspond.ing to (2) and (4) are
a little stronger; it is supposed that these conditions are replaced by jo < t,
lrl < I , respectively. But it is obvious that the proofs in [2] allow the
modifications needed.

3. x'or the third lemma, we introduce the following notation: A : log D,
L-2

(6) K(w): "T'"-;-, Kr(w): K(Aw),

(z) R(n) : * I "f-) 
e-*,o,n d,w ,

(2)

(8) r(x): - * I urr*r'it**t,y)d,w.
(2)

By the arguments of [5],

there ,i,s any

(5)

(e)

( 10)

From

(1 1)

non-enceptinnal zero of any L-function (mod D), then

ä, log D > 322-L e-zt; )' 
.

R(n) < A-L fo, DL-4 I n < DL .

(7) (9), r,ve infer that

pL-$<napL

A(n) R(n) x(n)

other hand, removirg the integration in (S)
writing Ea:0 or laccordirgtowhether 

X,

On the

Z' and
we obtain

(12)

to the line ö :

by well-known arguments

a7

where 
Q x runs orrer the nontrivial zeros of

Combining (11) and (L2) we get

Lemma 3. \\re have

1) + O(D-21 ,

L(t, x,) .

( 13) "I =un{:,; Bi ?L

I
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4. Finally we state simple estimates for the function Kr(w) .

Lemma 4. Let w : (- )" { ir)lA, 1 > 0. Then

(14) lKr(w)l' <4.9e-P-a)x for )"<*,lrl <L,
and, always

e-P-4)A
(15) lK,(w)l'( 7r a 4 .

Proof . The estimate (15) follows immediately from (6). For (I4) note that

lerA. _ ll,
lKr(w)\z : e-F-4t)tl ,^ 

I

- e-Q-4))'

l- 1-- 12 -<e-e--trl ) )t^/r),-,1 < 4.ee-F-4))..
lt:l Y I

3. Proof of the estimate for L

5. Suppose that the z's in the sum in (13) are all non-primes. Then the
sum in consideration is, roughl;.,

(16) < DLt2log D . D'-L + D-2 << D-' .

Hence, for the proof of (I), it is sufficient to verifl'

Lemma 5. We haae for L > 550

(r7) Z )lr,(e,-1)l'<1-D-riz.
X mod, D g,

Proof. We shall carry out, a straightforward estimat'ion of the sum in
(f 7). Suppose that there exists an exceptional zero gr : I - d1. \Ve ma;'
suppose that

*«t - 4) ö1log D)' < ö, log D , ö, ) D-' .

Then the contribution of q, to the sum (17) is

(18) <e-@-4)ö,rogD a |-(L - 5)ä,logD.

col12
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Now consider the other zeros. Let

(19) Xr : min (1 - Re g)log D,

the minimum being taken over all non-exceptional zeros with llm Al < D,.
By a result of Mrncn [3], we have

(20) 1, ) 1o: 0.05.

Next subdivide the zeros Q:t- !+fO*n, into four sets
Hr, Hr, Hr, Hu as follows:

Hi 1r1§ <*, lyl 1*;
Hzi p>+, lyl<*;
Hzi E<lyl<D";
Hq: lyl > D" .

The contribution of a zero in H, is by lemma 4 at most

(21) 4.9 e-F- t)0 for i : I ;

(22) 4e-@-4)P for i:2;
(23) lyl-'"- (L - 4) § for i : B, 4.

Let Cr be the total contribution of the zeros in Ht. By lemma 2 and
(f8), it is sufficient to show that

4 L-6(24) 
,Irr,a zn e-ztstr4.

6. Estimati,on of Cr. We may suppose lhat )", < ! for otherwise C, :
0 . By lemma l, the number of zeros such that )., { i I ),, lZl < å i.
at most

,zat^(t + 1_L).

By this, (2I), and the usual rules of Stieltjes-integration, we har.e

Cr < +.9 e-@-4)L e224ii (l + ,a')
a
f

+ I Lg 
"*tr-n)^ 

e224a(224 + 224 ).-t - 2-\ cl)..
I

)"1

By a simple calculation, we obtain

/ 2l3oo \(25) C, I e- P -228) r,( tgS r --""" 
I\ ,- L-22sJ'
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7. Esti,mation of Cr. The number of zeros such that L<P < X, lyl 3*
is at most 2rzzal. Let ),r: max (L, 1r). Then, similarly as above,

C, < 8e,-(L -228) t" + 8' 224 f "- "-""'' o^

!(26) I 224 \
a8e-t'-zzal;''(,t + L- 228) 

.

8. Esti,mati,on of Cr. The number of zeros such that P < X , v).o I
lyl < b, * 1) 1o is at most 2""n', for any z from the interval 10 ( r' (
),0'D": zo. These zeros give a contribution

( zz+ l
c9 <2e' tL- zzalr.'{I + L _ zlä,i ^r"-' 

.

Ilence, on summation over z ,

( zoooo )(27) Cr:ZCY < e-F- zzalt'189 + L _ r.,oj .

9. Esti,mati,on of Cn. Let v ) zo. X'or the number of the zeros such that

P < ),, ylol l4l 1@ * l) Xo, we have the upper estimates ((29) is clas-

sical, and for (28) see [4], P. 299)
1.

(28) 
(l(v)"6)'t3 

''^o rl 
D)z)toe' log '1Dr'1

K e6 
i 

r,3 
r"s D log I (Da) ,

and

(2s) < Dlog (D») .

Hence, by obvious arguments, Cn is of a lorr-er order of magnitude than
our estimates for C r, C r, and Cr.

lA. Completi,on of the proof. We are looking for a number Z such that
(2a) holds. Now, using (25) - (27),we get' for L the condition

L= 
e{L-441)1" > 202* =o"o^o^= .922 L - 228'

This holds lt L :550, and the proof is complete.
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