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1. Introiluction

l.l. We consider a complex linear space X . Let A d.enote a
Hermitian inner product on X . We assume it to be non-degenerate
(Q@,y):0 for all yeX implies r:0 ) and indefinite (Q@,r)
has positive and negative values). X'urther, let X have a decomposition

x: x+ @x_
into direct sum of two @-orthogonal linear manifolds y+ , X- :

We assume that jn this »Q-canonical» decomposition (X+ , QIX+) and
(X- , - QIX-) are Hilbert spaces; in this case (X , 8) i. called ,I-space.

Let P+ and P- be the projectors onto X+ and X-, respectively,
satisfying

with

the definition

H(r,y) : Q@ r,y) for all n,y eX
gives a Hilbert inner product H on X . We denote the corresponding
Hilbert norm by

llrll -+lH@,A (ro€x)
all topological properties are based on this norm.

r-reX+) t)-eX-,
fr+ex+, fr* +0,
n-eX-, n- +0.

In the following

1.2. A linear
R(A) in X is
opera,tor A has
closed. operator:

mapping A with the domain D(A) and the range
called an operator. If D(A) i* dense in X , the
a uniquely determinecl H-adjoint A*, which is a
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H(A r,U) : H(r, A* y) for all r e D(A), y e D(A*) .

Take r e D(A) and y e D(A* J) , then 1)

Q@r,t/) : H(J A r,y) : H(t:, Ax J y) : Q@,J A* J y).

The operator

(1) A',: JA*J
is called bhe Q-adjoint of A . For " e D(A) and y e D(A') we

have

Q@r,y): Q@,4'y).
In particular, we have

(2) J":J*:J-r:J.
Lemma. trYe assume that G and, its inaerse G-L are continuous

operators d,efined, on X . Iurther let A be an operator wi,th the d,oma'in

d,ense in X . Then D(A G) 'is dense in X and,

(AG)*: G*A*.

Proof. Let * be an arbitrary element of X . Since D(A) is

dense in X there is a sequence {x"} c D(A) rvith ro-> G tr . Then
G-r *n e D@ G) and G-r rn --> x since G-l is continuous. This implies
that D(A G) is dense in X .

It is wellknown that 2) (A G)* ) G* A*. Since D(G*) : X we

have D(G* A*) : D(A*). For r e D@) and y e D«A G)*) one derives

H(Ar,y): H(AGG-rx, y): H(G-'r, (AG)*Y).

If y is fixed the expression H1G-t e: , (A Gx) y) is a continuous function
of r . This implies by the definition of D(A*) that y e D(A*) :
D(G* A*). Consequently, we have D((A G)*) c D(Gx lx\ rvhichcompletes
the proof.

We assume that A is a closed operator t'ith the domain D(A)
dense in X . Then D(A*) is dense in X ancl bv the previous lemma
D(A') : D(A* J) is also dense in X . Further u-e get

(JAJ)*: (AJ)*J*: J*A*J*: JA*J: A

This implies that A is a closed operator. Since A** : A one

obtains

A.. : J (J A* J)* J : J (A* J)x tr* J : J J* Å** J* J : J2 A J2 : A.
1 ) Obviouslv J :' ,I * :' 'f -1

') tr.g. t6l.

Ann. Acad. Sci. tr'ennicat
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I'rom (I) and (2) one immediately gets the rules (if the operators in
question exist):

1) (a-r)" : (A)'1 ,

2) (oA)" - d"A',
3) (A+B)')A+8"
4) (A B)' ) B'A' ,

5) AcB implies A)B'.
Especially if A is a continuous operator, the rules 3) and 4) can be

replaced by
3') (A + B)' : A'+ 8,
4',) (A B)' : B'A' .

Let A be an operator (not necessarily continuous) and C a

continuous operator. If C A c A C we say that A commutes 3) with
C and write A-C . The notation A--B means that A commutes
with every continuous operator C commuting with B .

We give the definitions:
(") The operator A is Q-self-ad,joi,nt if A : A' .

(b) A continuous operator A with A': A-r is called Q-uni,tary.
(c) A closed operator A with the domain dense in X is called

Q-normal if A A' : A'A .

1.3. In his theory of linear spaces with indefinite inner products Rolf
Nevanlinna expressed the idea [a] that under some restrictive conditions it
should be possible to derive, by analogy with the spectral theory of ä-self-
adjoint operators, a specbral decomposition of Q-self-adjoint operators.
Erkki Pesonen [5] studied the question in details in the special case that
the self-adjoint operator is continuous and (X , H) is a separable Hilbert
spa,ce. Applying some results of Heinz Langer [3], Rolf Kiihne [2] examined
the problem from a different point, of vieu, and generalized the results of
Pesonen for general Hilbert spaces. Petel Hess recently [1] succeeded

in generalizing this for non-continuous Q-self-adjoint operators.
In this paper we shall give sueh a modification of the results of Fless

which is also applicable for Q-unitarv and Q-normal operators.

I express my sincerest thanks to Professor I. S. Louhivaara for his
kind interest and ma,ny valuable advice. I also r-ish to thank Dr. Peter
Hess for his valuable criticism on the first manuscript of this paper.

E.g. [6].
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2. Various Hilbert inner produets in J-space

2.1. Let A be the set of the continuous and Q-self-adjoint
operators G for each of which there is a positive number D (depending
on G) such that

(3) QGn,r)2hllrllz forall reX.
Theorenr 1. A bili,near form K d,efineil on the space X is a

Hilbert 'inner prod,uct toptologically equi,aalent to H i,f anil, onl,y if there i,s

an operator G e A such that

K(*,y) : Q(G",y) for al,l r,y eX.
Proof . (a) Let K be a Hilbert product equivalent to H . There

exists an .t1-self-adjoint continuous operator C such that

K(*,y): H(Cr,y): QQCr,y) (r,y €X).
We write G: J C . Then we have

K(r,y): Q(Gr,y) (r,y e X),
and G is Q-self-adjoint:

G': (JC)o: CoJ : JC*Jz: JC - G'

Since the Hilbert products H and K give the same topology there
is a positive number IL such that

Q(Gr,u) : K(r,r\ > hH(r,n) : hllrllz

for all r e X. Consequently, we have G e A .

(b) Suppose

K(r,y): Q(Gu,y) (r,y e X)
where G e A. Since G is Q-self-adjoint, K is a Hermitian inner
product. In accordance with (3) there is a positive number ä such that

K(r,r) : Q(Gr,r) 2 hH(u,x)

for all r e X. On the other hand

K(*,n) : H(J G n,n) 
= llJ GllH(r,r)

for all r e X. Consequently, the forms H and K induce the same

topology.

2.2. We shall still consider an operator G e A and the corre-
sponding Hilbert product

Ånn. Acacl. Sci. -B'ennicre
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K(r,y):8(G*,y).
We have for r,y e X

K(G r,y) : Q(G' *,U) : Q(G *, G y) : K(r,G Y),

thus G is -I(-self-adjoint.
Let C be a continuous operator satisfying

K(r,y): H(Cr,y) (r,y e X).

Then we have G : J C . The operator C has a continuous inverse

C-L defined on X . Since G-L : C-L J , the operator G has also a

continuous inverse G-| defined on X .

Theorem 2. Let A and, B be two ol,osed, operators w'ith the d,omains

d,ense'i,n X . Then the two following proposi,ti'ons q,re equ'iaalent.

(i) In X there erists a Hi,lbert prod,uct K equiuulent to H 8o

that the operators A and, B are the K-ad,ioi,nts of each other.

(ii) There eri,sts an ogterator G e A such that G A : B G .

Proof. (a) n'irst we assume that there is a Hilbert, product K
equivalent to H so that B is the K-adjoint of A . We denote for
K-adjoint of A by A" that is B : Ao. According to Theorem I
there is such an operator G e A that

K(r,y): Q(Gr,g) (r,y e X).

X'or r e D(A) ancl y e D@) one gets

Q@,G By) : K(r,BA) : K(A r,U) : QG An,Y).

This implies G A c (G B)' : B G .

X'or r e D@ G) and y e D(8" G) one derives

K(BGn,y) : QG BG *,y) : 8(Cr, B' Gy) : K(r,8" GY),

hence B'G c (B G)" .

Since G and G-1 are continuous operators defined on X , we obtain
(B G)" : G" B" : G A according to the lemma in section 1.2. Thus we

have B"GcGA.
Consequently, we have G A : B G .

(b) Let G e A be an operator so that G A: B" G.
We define

K(*,y): Q(G*,y) (r,y e X).
According to Theorem I bhe form K is a Hilbert product equivalent, to
H.
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For r e D(A) and y e D@) one has

K(Ar,A) : Q(G An,y) : 8@Gn,y) : QG",By) : K(r,By),
therefore BCA".

Because of the equation G A : B" G we have r e D(A) if and only
if Gre D(B'). We obtain

Q@' G n, y) : QG A r, y) : K(A r, U) : K(r, Ao A) : QG n, A" U),

for reD(A) and yeD(A'). Thisresultsin AoCB"":8. Con-
sequently Ao equals B .

3. Application for the speotral ilecomposition ol Q-selt-adjoint, Q-unitary
anal Q-normal operators

3.1. Let A be a closed operator with the domain dense in X . We
&ssume there is such an operator G e A that
(4) GA: A'G.
According to Theorem 2 there is a Hilbert product K equivalent to H
and K is such Lhat A is 1(-self-adjoint. Consequently, one has a unique
ff-self-adjoint spectralfamily {E^l -n < ), < oo } havingthefollowing
properties:

(a) E.E, : 81" for )" { p,
(b) ENs : Et,
(c) 8,. --> O for ). ---> -cn, E) , --> I for ). ---> lcx.,

+@

(d) A:_[^dE^,
(e) E^--4.
Thus we have obtained for the operator .4 a spectral decomposition

defined above. However, the spectral family {Er} is in this case not
necessarily Q-self-adjoint.

Now we assume in addition to (4) that / is Q-self-adjoint: A : A .

Then one has

GA: AG and G-lA: AG-t .

I'rom (e) it follows that G-,-Er. Hence we derive

Q(Et n,Y) : K1e-t Etn,U) : K(E^G-Lr,a)
: K1G-r r , Et U) : Q@ , E^a)

forall x,yeX. Consequently Ei:E^.
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The Q-self-adjoint spectral family {,Or} having the properties (a)-(e)
is uniquely determined (not depending on the special choice of K ) . In
fact, let {1r.} be another spectral family with the same properties. Since
I^--A we obtain I^-G; this results in {F^} being K-self-adjoint.
The implication of the last fact is that {F 

^} 
: {E 

^} 
.

Thus we have the following result of Peter Hess:
Corollary 1. Let A be a Q-self-ad,joint operator. We assume the

eristence of an operator G e A satisfying A G : G A . Then there i,s a
unique Q-self-ad,joi,nt spectralfami,ly {E^l -a < ). < *oo \ hauing the
properties (")-(").

3.2. Now we assume that A and A-r are continuous. Further,
we assume there is an operator G e A such that

(5) GA: (A-L)"G

According to Theorem 2 there is a Hilbert produet K equivalent to
ä so that A and ,4-r are the /{-adjoints of each other. Therefore A
is /(-unitary. There exists a unique 1{-self-adjoint spectral family
{ Eq | 0 I I < 2 n) having the following properties:

(a) E*8, : E, for E Sy,
(b) E*ao : E*,
(c) Eo:O, Ez,:1,

2fr

(d) A: IeivdE*,
(e) u*--Å ,

Let us assume in addition to (5) that .4 is Q-unitary. Then A-L : A'
and GA: AG. Now we can prove as we did in section 3.I that Ee
is Q-self-adjoint. Besides, this spectral family possessing the properties
(a)-(") is unique.

Corollary 2. Let A be a Q-unitary operator. We assume there erists
an operator G e A with the Ttroperty A G : G A . Then there,i,s a unique
Q-self-ad,joint spectral fami,l,y {E*l o !q !2n} hauing the properti,es
(")-(").

3.3. Let A be a closed operator with the domain dense in X . We
assume that there is a closed operator B with the domain dense in X
ruch that A B : B A . Morcover, we assume the existence of an operator
G e A with the propert5z

(6) GA: B"G
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In agreement with Theorem 2 therc is a Hilbert product ff equivalent
to H so that A and B are the K-adjoints of each other.
Since ,4 B : B A the operator ,4 is K-normal. There exists a unique
J(-self-adjoint, spectral me&sure E defined for the Borel sets of complex
numbers so that the following properties are valid a):

(u)

(b)

(c)

J

ngq!-a for each Borel seb It of C

'We assume especially that B : A. Then the operator -4 is

Q-normal: A A : A A . Since, according to (6), G A : A G it follows
from (c) bhat E(XI)-G. This implies that the spectral measure E is

Q-self-adjoint.
Corollary 3. Let A be a Q-normal olterator. We suppose there erists

anoperator Ge A sati,sfying AG:GA. ?henthere,i,sauni,que Q-self-
ad,joi,nt spectral rneasu,re E possess,i,ng the properties (a)- (c).

University of Jyväskylä
Finland

u) The set of all the complex numbers is denoted by C .
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