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On systems of linear and quadratic equations in finite fields

1. Introduction. Let K - GE (q)

q - p", p is an odcl prime and ?L

I i 'iE|:
(1) 

| ':"'
I f §qfi:
\ J:I

Theorem. The system (L) ltus cc solution
2t + 2. On tlte oth,er ltand, in cuse s --: 2t +
tems (1) uhich are 'insolactble 'in, K .

be a finite field of q elements r,r,here

a positive integer. Consider the system

§, (i r-= I ).. i ,t)

(fr,"',fr) 'in K ,f §-
1 there eri,st, ,in euery K , sAs-

where &1 1,.. tx(s &re non-zero, e, §r,, .., §, arbitrary elements of K,
and the 0,;'s are elements of .K such that the f X s matrix (B;i) has
rank t. The purpose of this note is to prove the following result.

This theorem has been proved by DrcrsoN l4l in case f: 0 and by
Connn (121, remark +; [3]) in case t : l. It is a conjecture of ConnN [2].

2. Preliminary remarks. Let 6,o1 t..., o, be elements of K. Define
the trace of o as

tr(o): o{ot+...*or"-'
so that tr(o) may be considered as an integer (mod p). Define, furthermore,

e(o): ,2titr(o)lP

Then we have

(2)

Consider the system

(3) f,Gt ,

Tl e@j)
J:I

,å
.l:1

6):

,§r) :ö, (i:1 r..i rhl)
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where the fi's are polynomials with coefficients in X and the d,'s &re

elements of K. It has been proved in [] that the number of solutions
(6, , . . . ,6") of the system (3) is equal to

(4)

where the f ti s

(5)

Here and hereafter, in the sums of typu I the summation is over all the

vectors c : (yr, . . . , T") with the 7,'* ii K. Moreover, in the sums of
typ" I the variable runs through all the elements of K. By (2) and (4),

the number of solutions of the system

i'/r(§r) - ö, (i- r, .. .,%),
j:L

are polynomials over K, is equal to

q-u 
4,( - Zr,u,) II ä 

n(,\y,f,i(§;)) .

Let, us denote

§(2, ä) : 
4 "0t'+ å6) .

It is well known (see, for example, [2]) that l§(2, ö)l : ql'l' if y * 0.

3. Proof of the theorem. Let' s : 2t + 2. Then the number of solutions
of the system (I) is, by (5), equal to

I{ : q-'-r I e(-xa - t ^,p,1ff 
u1ro,, i, 

^,P,)c i=-l j: r i:l

where e : (x, 1r, . . . , 1,). We break up this summation into two parts
according as 2.c : 0 or x I 0, uriting

n- : o-'-'lä +» : q-'-'(u''* u')'

In case f :0 u'e have Ur: Q2. fn case t >- lLir is, by (5), equal to
g'.1[, where /y', is the number of solutions of t'he system

2t+2

Z§,iii: §, (i : 1,...,t).
j:1

Because the matrix (frt) has rank f then i", : ,'+r Consequently

fJr: q2'+2, for every f. In the sum U, wehave xai { 0, for eYery G.

Therefore l,-§(za;, ) Xr§t)l: g.'l' and hence
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Consequently

/rr > rl-'-'

This proves the former part, of
For the proof of the latter

that, the syst,em

lurl < (q'*1 - q')q'+'-_ q''o2 - qlzt+L

(Ur-lur)2q'>0.
the theorem.
part of the theorem it is sufficient to note

t

I
u,here d. is a non-square

»,€l +'i'r; - x
j:L j:t*L

of K, is insolvable in K
,t),

tll

l2l

t3l

t4l
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