ANNALES ACADEMIAE SCIENTIARUM FENNICAE

Series A

I. MATHEMATICA

335

SOME APPROXIMATION THEOREMS
FOR NORMAL FUNCTIONS

BY

FREDERICK BAGEMIHL

HELSINKI 1963
SUOMALAINEN TIEDEAKATEMIA

https://doi.org/10.5186/aasfm.1963.335


koskenoj
Typewritten text
https://doi.org/10.5186/aasfm.1963.335


Communicated 9 April 1963 by P. J. MyrBERG and OLrLI LEHTO

KESKUSKIRJAPAINO
HELSINKI 1963



Some approximation theorems for normal functions ')

1. Suppose that f(z) is a nonconstant normal meromorphic function
(see [2, p. 86]) in the open unit disk D . We are going to show, among
other things, that if the set A(f) of asymptotic values of f is of harmonic
measure zero, then there exists a set S of points on the unit circle I", where
S is both of Lebesgue measure 27 and a residual set in the sense of Baire
category, with the following property: the function f(z) approximates
every complex value arbitrarily closely on every continuous curve in D
that intersects I' in a point of S at an angle different from zero.

This generalizes in several directions certain classical results of P. J.
Myrberg ([3], [4]). (A very special case to which our theorem applies is that
of the elliptic modular function.)

2. We denote by £ the extended complex plane. If z and 2z’ are
points of D, then g(z,2') is the non-Euclidean hyperbolic distance be-
tween them. A Stolz angle with vertex ¢ € I' will be called a Stolz angle
at . By an arc at ¢ € I' we mean a continuous curve Az =z(¢)
(0 <t < 1) such that [z(f)] <1 for 0 =¢t<1 and lim 2(f) = (. A

t—1
terminal subarc of an arc A at { is a subarc of A of the form z = 2(¢)
(ty <t < 1), where 0 <t < 1. By an admissible arc at { we mean an
arc at ¢ having a tangent at ( different from the tangent to I' at (.
If f(z) is meromorphicin D, and { € I', the cluster set of fat ¢
is denoted by C(f, {); the cluster set of f at { onanarc A at {, or
on a Stolz angle 4 at ¢, is denoted by C(f, <), C,(f, (), respectively.
We write C ( £, &) =u0C,(f,%), where the union is taken over all Stolz
4

angles A at (. We define Il ( f,0)=NC,(f, (), where the intersection
A

1) Presented at the Conference on the Theory of Functions of a Single Complex
Variable, Mathematisches Forschungsinstitut, Oberwolfach, Germany, March 25, 1963.
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is taken over all admissible arcs A at . The set of points ¢ € I' such
that C,(f,0) = C, (f, () for every pair of Stolz angles 4,4’ at { is
called K(f). (The set K(f) is always a residual subset of I' of measure
97 [2, p. 68].)

3. Our theorems are based upon the following general

Lemma. Let f(z) be a normal meromorphic function in D , and suppose
that { € K(f). Then II;(f,)=C,(f,0).

Proof: Suppose that w € [T, (f, (). Then w € C,(f,¢) for every ad-
missible arc 4 at (. Since /A intersects I' at a nonzero angle, there
exists a Stolz angle 4 at { containing a terminal subarc of A . Clearly
CA(f> C)god(.f:c): so that weCﬁ(f’ C)

Now suppose that o € 0 ; (f, (). Let A be any admissible arc at ¢ .
Since [ € K (f), we have w €C, (f,{) for every Stolz angle A at (,
and hence there exists a sequence of points {z,} in D, where lim z, = ¢

n—» oo

and lim f(z,) = @, such that, for an appropriate sequence of points {z,}

n— oo

on A with lim 2z, = {, we have lim o(z,,z,) = 0. From the fact that

f(z) is a normal meromorphic function in D, we infer [1, p. 10, Lemma 1]
that lim f(z,) = o, and hence w € C (f, ). This holds for an arbitrary

n— o

admissible arc 4 at (, and therefore w€ IT;(f, ¢).

4. Theorem 1. Let f(z) be a nonconstant normal meromorphic function
i D, and suppose that A(f) is of harmonic measure zero. Then there exists
a residual subset S of I of measure 2m such that, for every (€S,
I (f, )= 2.

Proof: According to Plessner’s theorem [2, p. 70], almost every point of
I' is either a Fatou point or a Plessner point of f. The set of Fatou points of
f, however, must be of measure zero, otherwise Privalov’s theorem [2, p. 72]
would imply a contradiction to the fact that f is nonconstant and A(f)
is of harmonic measure zero. Hence, the set I(f) of Plessner points of f
is of measure 27z . It follows [2, p. 65] that I(f) is also a residual subset of
I'. It C€I(f), then C,(f,{) =2, andsince I(f) CK(f), our Lemma
yields IlIp (f,§) = C 4 (f, ). Setting S = I(f), we obtain Theorem 1.

A set of linear measure zero may be of positive harmonic measure
[2, p. 7]. In case A(f) is known merely to be of linear measure zero, we have
nevertheless the following result.

Theorem 2. Let f(z) be a monconstant normal meromorphic function in
D, and suppose that A(f) is of linear measure zero. Then there exists a residual
subset R of I' such that, for every (€ R, Il (f,0) = 2.
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Proof: Since f(z) is nonconstant and A(f) is of linear measure zero,
we have C(f, () = Q for every ( € I' [2, p. 51]. It follows [2, III, § 3]
that I(f) is a residual subset of I". Asin the proof of Theorem 1, ¢ € I(f)
implies that II; (f, ) = £, and setting R = I(f), we obtain Theorem 2.
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